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Abstract

The order a* R, corrections to positronium P levels are found. The
calculation is reduced to the ordinary perturbation theory for the non-
relativistic Schrodinger equation. The perturbation operators have the
Breit-type structure and are obtained by calculating on-mass-shell di-
agrams. Found energy corrections constitute numerically SE(2'P) =
0.06 MHz, 6E(2° P,) = 0.08 MHz, §E(2° Py) = 0.025 MIlz, §E(2° P,) =
—0.58 MHz.
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1 Introduction

Precision measurements of positronium structure provide a unique test of
quantum electrodynamics. The typical accuracy reached in the measure-
ments of the positronium 238; = 23P;(J = 0,1,2), 138, — 225, and
23S; — 21 P, intervals constitutes few MHz [1, 2, 3, 4, 5, 6, 7]. The order
o®log(l/a)Re and a®Re, corrections (R = 109737.3156827(48) cm™1 is
the Rydberg constant) [8, 9, 10] are insufficient now for the comparison of
quantum electrodynamics with those experimental data.

The two-body bound state QED problem is by itself of independent theo-
retical interest. The generally accepted theoretical approach to it goes back to
Refs {11, 12, 13]. This approach starts from the introduction of a relativistic
two-body wave equation, which can be solved exactly and in the nonrelativis-
tic limit reduces to the Schrodinger equation. Then a perturbation series is
developed about the exact solution.

Our approach is different and is desctibed, as applied to the corrections
logarithmic in @, in Refs [14, 15, 16]. The corrections discussed in Refs
[14, 15, 16] and here, are of relativistic origin and can be found as follows.
We construct effective perturbation operators by calculating on-mass-shell
diagrams and then use those operators in the standard perturbation theory
for the nonrelativistic Schrodinger equation.

The order o log(1/a)R corrections to the positronium levels were cal-
culated recently by Fell [17] and then by us [16] (we have corrected in Ref
[16] a numerical error made in Ref [15]). This shift exists in the S states only



and scales with the principal quantum number n as n~=2. The logarithmic
structure of this correction allows one to treat the relativistic effects as a
perturbation when deriving the result. However, if one tries to go beyond
the logarithmic approximation, the logarithmic integrals which are cut off
at the electron mass m should be treated exactly, and the problem becomes
extremely tedious.

Fortunately, for states of higher angular momenta, L > 0, the situation
is better since their nonrelativistic wave functions fall off at small distances.
Therefore, the integrals arising in the perturbation theory, converge in the
nonrelativistic region which makes the problem quite tractable. The main
complication (underestimated by us at the beginning of the work) is of the
“book-keeping” nature.

Here we present the results of our analytical calculations for the order
aR., corrections to positronium P levels. In the case n = 2 the results for
the fine-splitting of P levels can be directly compared with the data extracted
from the experimental results of Refs (2, 5, 6, 7).

Analogous corrections for the electron-electron interaction in helium were
obtained numerically in Ref [18].

2 Contributions of irreducible operators

2.1 Relativistic correction to the dispersion law

Let us start with the kinematic correction generated by the v%/c* term in
the dispersion law for electron and positron,

2 4 6
3 5 4 P P
¢ s = - _ =4 ..., 1
s e 2m  8m3  16m® Pl (1)
G
B wgbatioa 2
kin 16m3 ( )

By means of motion equations we transform the expectation value to
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After extracting the overall factor ma® everything else here and below is
written in the usual atomic units. The substitution of the nonrelativistic
Coulomb expectation values for 1/ rk

reduces this energy correction to
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where €, = ma®/n?.

2.2 Relativistic corrections to the Coulomb interaction

This perturbation operator will be extracted from the scattering amplitude
for free particles. It is convenient to consider the positron as electron of
opposite charge. Then the scattering amplitude due to the single Coulomb
exchange is
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We define scattering amplitudes with the sign opposite to the standard one, so
that it can be immediately identified with the matrix element of an interaction
operator in the momentum representation. Let us substitute into (7) the
solution of the free Dirac equation

A+(P)w. (9)

u(p) =
where w is a bispinor describing particle at rest,
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The corrections of fourth order in v/c are
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We have neglected here the operator proportional to p® + p’? since its ex-
pectation value in the coordinate representation (Aé&(F) + 6(#)A) vanishes
for P states. The expectation value of operator (10) is again conveniently
calculated in the coordinate representation. Its spin-independent part is
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<;-f(r" -M) = ([l ) (11)
= 2([} [P H]) =4(7%). (12)

The treatment of the spin-dependent operators is somewhat more compli-
cated. Here we pass over to the Fourier transforms of the operators:
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then use motion equations and expectation values (4), as well as the value of
the radial wave function derivative at the origin

RAOF = oz (1= 7). (15)
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In this way we get "
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Now, due to the Coulomb interaction electron (positron) can go over into
a neglat,we-energy intermediate state. The corresponding contributions are
described by Z-diagrams of the kind presented in Fig.1. Here the particle

Fig.1. Z-type double-Coulomb exchange.

staying in a positive-energy state can be treated in the nonrelativistic approxi-
mation. The point is that the large energy denominator, equal approximately
to 2m > E,, due to “heavy” intermediate states, and small matrix element
of the Z-line provide the sufficient power of « in the perturbation. In this
way we get for the perturbation operator
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Going over to the coordinate representation, we note that the last integral is
in fact the convolution of the Fourier-transform of the operator it [r? with

itself. So,
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Let us note that actually the integral in (17) diverges at large k. It can be
easily seen however that the divergent part is independent of the momentum
transfer §. Therefore in the coordinate representation the corresponding op-
erator is just §(7). Its expectation value does not vanish in S states only and
leads there (via the accurate cut-off of the linear divergence at k ~ m) to a

correction of the order ma®.

2.3 Single magnetic exchange

In the noncovariant perturbation theory the electron-positron scattering am-
plitude due to the exchange by one magnetic quantum 1is
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Here o
i@, p) = ut (P)au(p) | (20)
s the matrix element of the current taken over the solutions (9) of the free

Dirac equation. In the dispersion law for electron and positron it is sufficient
here to confine to the nonrelativistic approximation.
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Let us start from the coptribution to the perturbation operator produced
by the v?/c® corrections to the currents:
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Here we have neglected again the terms with vanishing P state expectation
values. Going over to the coordinate representation by means of (13), (14)
and
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Let us consider now the retardation effect. To this end the currents can
be taken in the leading approximation:

1
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At the atomic momentum transfer, ¢ ~ ma, the perturbation of interest
originates from the second-order term of the expansion of the factor [E, —

(p? + p'?)/2m — ¢! in (19) in powers of (E, — (p* + p"*)/2m)/q:
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At first sight, the expectation value of this operator diverges linearly at small
g. This divergence can be demonstrated however to be unrelated to the

order ma® correction we are interested in. Indeed, let us split the region
of integration over ¢ into two, those from 0 to A and from A to co where
ma® € X < ma. In the second region our expansion is applicable and the
result of integration contains a term proportional to 1/A. Since the initial
integral is independent of A, this term cancels in the sum with the integral
over the first region calculated without the expansion. Meanwhile, this last
integral has no contribution of the a* R, order independent of A. Therefore,
taking as the Fourier-transform of
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the operator
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we get finally:
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Magnetic quantum propagates for a finite time and can cross arbitrary
number of the Coulomb ones. Simple counting of the momenta powers
demonstrates that it is sufficient to include the diagrams with one and two
Coulomb quanta (dashed lines) erossed by the magnetic photon (wavy line).

Fig.2. Single-magnetic-single-Coulomb exchange.

In the first case, Fig.2, the perturbation operator arises as a product of the
Pauli currents (25) and the first-order term in the expansion in (E, — (p* +

r*)2m)/q:
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In the second case all the elements of diagram 3 should be taken to leading
nonrelativistic approximation:
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All the integrals in (30) and (31) constitute convolutions of the already known
Fourier-transforms of powers of 7. In this way we get for the first operator:

" S s TN SO
o 25-3-5{ ot 0.

3ST, 2 (ST —4§ 9 ,
= o WSl ST
: (29+i 2)+z : (1% ”3)} (32)

and for the second one:
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Fig.3. Single-magnetic-double-  Fig. 4 Z-type single-magnetic-

Coulomb exchange. single-Coulomb exchange.

One more energy correction of the a®R,; order at the single magnetic

exchange is due to Z-type diagrams (see Fig.4). To leading approximation

one gets easily
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2.4 - True radiative corrections

Curiously enough, even the true radiative corrections of the a? Ry order to
the P-levels cnergy can be presented in a simple form practically without
special calculation, They can be easily demonstrated to be confined here to
anomalous magnetic moment contribution to the single magnetic exchange,
ie. to a trivial modification of the usual Breit Hamiltonian. With this
contribution the Pauli current becomes

i@, p) — —'—(P + P+ 97 x 7), (36)
where = ;
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Let us note here that the anomalous magnetic moment contributions to the
first-order retardation effect and to diagram 2 cancel. It corresponds to the
absence of the order v/c corrections to the Breit magnetic e,wlmng;e In this
way we get the [ollowing correction to the P-level energy:

= 1 3 - 3, 2 2
e {(Eﬂc)snm—sﬁ) (E(Mf—a )} (38)

Two its features are noteworthy. First, it vanishes in singlet states which
q . ¥ * .
looks rather natural. Sccond, it has an extra factor 1/7° which reflects its
cadiative origin as distinct from the relativistic origin of other order a® Reo
&2 o
corrections to P-levels

2.5 Double magnetic exchange

Let us consider now irreducible diagrams with two magnetic quanta. To our
approximation they are confined to the type presented in Iig.h
reduces to

. Their sum
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where k' = 7 — k. Now we substitute the products of operators in the

coordinate representation for the convolutions of their Fourier-transforms and
take the corresponding expectation values.
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Fig.5. Double-magnetic exchange.

In this way we get
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3 Corrections of second order in the Breit
Hamiltonian

Next class of the order a* R, corrections originates from the iteration of the
usual Breit lamiltonian V of second order in v/c.

Before proceeding to the caleulation, let us note that the Breit potential
for the positronium (see, e.g., [19], §84),

4
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has nonvanishing matrix elements for |[AL| = 0, 2 only. A contribution of
virtual F-levels will be found later. And now we average the angular depen-
dence of (41) over a P-state wave function:
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After this procedure the perturbation (41) can be presented as follows:

ma*
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where
a=-3, b=1+4+kK, c=—-4+&; (45)
¥~ AFLP 135
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pr = —i(8, + 1/r) is the radial momentum, while
y
Pr 1 1
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is the unperturbed Hamiltonian for the radial motion with L = 1 in the
Coulomb field.
According to the standard rules,

£ By e =
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Since relativistic effects are included here into the perturbation, the interme-
diate states |k P) are merely eigenfunctions of the nonrelativistic Schrodinger:
equation in the Coulomb field.

The representation (44) enables us to find the energy correction (47) with-
out recourse to the exact form of the Coulomb Green’s function g. Indeed,

(vgv) = —;—{(ﬁaéfn% —a[h, L] +blh,ip:] + k) gv
+vg (2&&,% +a [h, I-l;] + b[h, ip.] + C};)) (50)
= —a&a (2(0) + 85 (v) — (3pv)) ~ 5 ({v, 2})

43 (lipr ] 4@ (1) = (Br0). (51)

When passing from (50) to (51) we used the equation of motion and presented
the perturbations 1/r and 1/r° as the result of @ and ¥ variations in the

modified Hamiltonian,
2
o=+l - (52)
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Derivatives in (51) are taken at § = = 1.
Substituting (44) into (51) provides us with the expression containing just

the mean values of 1/r* (see (4)). '
We collect now coefficients at the powers of 1/n to obtain:
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i o 15 27
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Finally, substituting the expressions for a,b,c (45), we get the contribution
of intermediate P states to the iteration of the Breit Hamiltonian:

(2) { 1022 — 844x + 227x% (4 = &)
EI; T Eﬂ i 7 3 =4 i3 a6 P
21-3°-3 20.3'n
102 — 29x + 2x* 45 _ r
+ 26.5.n2 "gs_naj' (54)

Transitions to intermediate F states are driven by the operator (Sit)?
contained in (41). Due to the conservation of the total 'mguidr momentum
such transitions are possible in the states with J = 2 only. The matrix
element squared of the operator (& 57)? is easily calculated by means of closure:

(PI(SERYE = (PA(Si)HPs) = (Pal(SiD)*| Pa)°
= (PSP} = (P2l(SA)|P2)? = 52 (35)

We have used here the identity (Si)?|P) = Si|P). A
To calculate the radial part of the correction, proportional to

kF) (kF] =
<,.:!z vy r3> (56)

we present the operator 1/r” in the form
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R RS
is the unperturbed Hamiltonian for the radial motion with L = 3 in the

Coulomb field. The energy correction is again expressed in terms of {r=*):
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4 Numerical results

Let us summarize the numerical values of the a* R, corrections to the ener-
gies of positronium 2P levels. They are

0.06 MHz for 2' P,

0.08 MHz for 22 P,,

0.025 MHz for 2P,
~ 0.58 MHz for 22 P,.

We wish to emphasize here that the last correction is quite comparable in
magnitude to the corresponding logarithmic correction (of order a*loga Ry)
to the positronium 25-levels. The latter constitutes for instance 0.96 MHz
for the 235, state [17, 16]. Therefore, there is no special reasons to expect
that the nonlogarithmic corrections (of order a®R,) to the positronium §
levels are small. It makes their calculation quite an actual problem.

Including o’ R and a®R., terms we obtain the fine-structure intervals
between 225+1P; levels. In the Table 1 these theoretical values are compared

Table 1.

Fine-structure intervals between 225+ P; levels (in MHz).

Experiments Theory
Michigan |2, 5 Mainz [6, 7] Total | O{a"R)
ECP)—E(P) | 9884.5£10.5 | 9875.27 £4.44 | 9871.54 0.66

ECPR)-E(R 5502.84+10.9 | 5487.23 +4.50 | 5485.84 0.60
EPRY-EPPR 7323.1+16.5 | 7319.65 +7.64 | 7312.88 0.64
15




with the transition frequencies extracted from the results of two recent exper-
iments [2, 5, 6, 7] (all systematic and statistical errors are added quadratically
when extracting the experimental numbers).
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