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ABSTRACT

The analitical properties of the photon polarization ope-

rator ﬂdﬁ( q,) is _considered using the Lorentz-invarient ave-

raging over the covariant constant field' oy, orientation in
QCD, It is shown that the usual operator expansioﬁ 13 valid be=

1o_w the threshold. It is turned out that ﬂ «(ﬁ( q, has no cut

in the complex plane qlz o This means the quark confinement in

this field.

1« A5 one believes now, & vacuum state in QCD has a com=
plex non-perturbative structure. The possible type of thé vacuum
Lluctuations ( VI' ) is instantons (for the detailed considera-
tion of instenton effects see Ref,/1/)., The presence of the
quark c’onden{::ii'!:e ( ( |r/ (/1) #(0) ) /2/ and the gluon condensate
( ‘:%‘—:'j' G?#’ 0 ) 73/ is an important feature of the QCD
vacuum., Instantons of different sizes j& contribute to these
condensates. The interaction of an ins'antons ﬁiihﬁlﬁﬁg#wave'VF
end the interaction between instantons increase very rapidly
with increasing 9 /1s4/. These interactions becone ilaportant
starting from comparatively small Jp /4,5/. Therefore, the
form of a long-wave VF differs from an instanton one considerabe
1lye

Cne can suppose that a variety of the non-perturbstive
phenomena in QCD come from different field configurations, Very
likely, VF of the sizes p ~ 1//-'(, ( j«{, is the characteris-
tic hadron scale) is gignificant for the forming of the low- |
lying resonances, However, taking into account the VF with arbie
trarily large sizes cf) is, probably, required for the congi-
deration of the confinement mechanism, The reason for this is
an increase of the distances, on which the guarks and glucns
can propagate, with increasing the energy,

In the present paper we consider the effects of the VF
whose amplitude is substantially largér than their inverse size
i/‘f) . Such VF in the limit of large f‘p correspond to a
homogeneous field in the space-time., This limit means a neglect
of the opei-ators with covariant derivatives 8/4_ in the ope=

rator expansion ferms, One can formulate the gauge-invariant and




covariant ccndition for the field homogeneity /6/ as follows:

[EA,G/‘-J: 0. - (1)

This condition defines the so=called covariant constant field
configurations /6/. In our paper we shall restrict ourselves to

the colour group SUG(E). For this group the field potential has

B#-ﬂ-%}:}il’xv; (2)

8
here X = nf‘-%- ; CCQ' are Pauli matrices, ctor na'

the form /6/ :

determines the field orientation in the colo ce. Then

va:x}::v . The expression (2) corres.o ., t thelgauge
condition X“- B‘u=0 - /T/ if we neglect t?a?f:;e__. terms containing
covarimt de .vatives: E)@ﬂt" 4 @ﬂh,G# _yj ;

J+ 1as been shown in the papers /6/ from the considera-
tior of the Yang-Mills effective action for the covariant conge-
Lant field in the one~loop approximetion that the "vacuum state
containing the chromomagnetic field has the energy less than the
"perturbative vacuum". In the papers /8/ the instability of a
homogeneous chromomagnetic field was found, It has been argumen=
ted in Refs./8/ that this instability results in the appearance
of flux tubes in the QCD vacuum. However, in the analysis of
Refs./8/ both the Lorentz invariance and the rotational invari-
ance in the colour space were absent.

In the present paper the analytical properties of the
vector polarilzation operator ﬂq (q,) in the one=l00p appro=
ximation'gare studied in the covar-ian& constant field. In our con-
sideration the Lorentz invariance and rotational invariance in
the colour space are restored by averaging over the fi91dngrj&v

orientation, We show, in particular, the existence of the quark

confinement in the field under consideration,.

. 2. Let us consider the photo. molarization operator in
the field (2) in the one-lcop approximation., We shall perform

first the calculations in Euclidean space and pass to Minkowski

space=time by means of Wick rotation, q, el ( q/ is
9=t % € G

photon momentum).,

The Lorentz-invariant averaging over the field F-;LV
1s the principal point of our investigafion. Due to this averag-

ging the polerization operator (we set quark electric charge Qpe=e)

: Ilw(@)ne‘ﬁ{dm?,‘mx,}o)} (3)

has the form

r/
.I“]Luy(?%):=<?;7¥;v‘-gzuygg?h°jz:(?;£{ (4)
In eq.(3) @":;ch""":% *9-5;«., P g’;,y , . is the
quark mass and the trace is taken over the Lorentz and colour

indices. The second averaging in eq,(3) is carried out over F;L,.

Let us introduce the invariant measure for the integration

over F#v . | |
O{-}‘( =é_a{EdH.5‘(3'-?;)-o"(Qz-ﬁyj>’ (5)

i s | |
where E and H are chromoelectric and chromomagnetic Abe-

lian fields, and

%= FFyRp=2(E) ©)




The constant (] is chosen so that So{}»(.‘-‘-" i :
gt /—~2 4/ . -
a= e, (E?;'“(%ﬂ:) : (7)

One' can verify the invariance of the measure (5) by direct

calculation of the Jacobian which corresponds to rotations in
Euclidean space. There are two independent invariants S-_; and
(Qdo characterizing the covarient constant "condensate" of
the gluon fields. After the integration over d, }.4_ the arbit-
rary amplitude in the field (2) can be multiplied by some func-
tion g (3;’ ‘EJO) and 'integratad o?er invariants 9; and
tg : The latter integration has no influence on Lorentz
invariance and corresponds to taking into account the dynamical
degzﬁ;@e’; of freedom in the functional integral. Note that the
field (2) should not be considered as giving the main contribu-
tion to the functional integral, for any amplitudes and distan-
ces, One can suppose that the configuration (2) i; the result of
averaging over the small scale vacuum fluctuations and it may be
used as an effective background field for an approximate descrip-
tion of the dynamics on large distances 'Z . Thus we are inte-
rested in the Fourier components of the gluon vacuum field
G.M(EA) with small momenta £2<Z 1/?,2 , in Euclidean
formulation., The particular form of the fumction 5 (:Z ,‘%) is

not very important for the results and conclusions obtained.

In the model under consideration the vacuum expectation

values <% Ca> and <( c*' G)» are equal to
<%GT~V G;*» yd 9"%},

(CHAYRERCYY

where the averaging in the right-hand sides of eqs.(8) corres-

(8)

ponds to the integration over g:o and (ya with the factor

6

..

g (g;}‘e“fc) . Invariant (;o characterizes the intensity of
the gluon vacuum field and (go characterizes the topological

charge density fluctuations, Emphasize that < G**G>=’O R s -
should be noted that _thg ?olarization operator H‘u ch') has a
complex tensor form before the integration over d, ,_,L and the
scalar functions attached to different tensor structures depend
not only on q/z , but on q; Gz-q/ too,

We use here the photon polarization operator in a homoge=-
neous extermal field, which was obtained by means of an operator
diagram technique in QED /9/. .Usinghgxplicit representation for
the electron Green function in this field the polarization ope=-
rator in QED was obtained in Ref./10/ in another form,

| The calculation of various physical amplitudes in the
field (2), in particular n‘w(q, , has to be performed using
the measure (5), In our case it is convenient to use the follow=
ing simplification., Let us multiply the expression for H‘uv(Q)
from Ref,/9/ by 8((;;}_&2) and take the integral over Qf" ywith
dﬁe regard for the fact that the scalar function ‘]T in (4)
depends on q/z only. After that the integration over d, },L

becomes trivial, Performing these calculations, for the renorma-

lized polarization operator we have

Uty Dt "ty
[CKX}dy} o dj‘x‘ﬂlgsﬁx &s«ﬂy»{i{.@.% ?CX)**Cf : i))] , (9)

whie B __;fs L > (x) + %g(,ﬂ,
3Ce)- d‘igcgzzg'-, x=25&, g.-:aes:l@.

(10)




Here ¥ u g(FomVAEGR) - Wy (Fr [FEGR) -

In. the calculations we deformed the contour of integra-
tion over S  so that it coincided with the imaginary half-
axis: § € [O -500) . This deformation is possible in Euclide-

an fomulatlon due to the positive definiteness of the operator

m*- gf-’ . Equations (9) and (10 have been derived in Euclide-

an space. However, the analysis of eq.(9) shows that Wick rota-
tion may be performed in the int_egral representation (9) beca-~

use of integral convergence at arbitrary q," o Thus, eq_s.(9)

and (10) determine also the polarization operator in Minkowski

space with q, q’z _?2. The integral over L is trivial, but
for the sake of simplicity and convenience of the asymptotics
calculations we use here ‘the expression (9). We make the renor=-
malization of the polarization operator so that J L ( , ,,‘?) O
The trace in eq.(9) is taken over the colour indices.
The averaging over G iy colour orientation should be carried
out by integration over all matrices UE SUC(2) and in the avers

-4
ging amplitude we have ‘Z-*?ev =erU » In our case this

integration is trivial due to J LR =co0lourlessness, The polari-

zat:.on operator TR 1s an even function on 2 A Using
this fact and the relation qu'tt?::i we obtain that the trace
teking reduces to the substitutions ¢p —» —21- ’ e - )
1s worth noting that going over to the colour group SUC(B) I
no iprincipal difficulties, .

The interesting limit of eq. (9) is the polarization

operator .in the non-relativistic approximation ( lgg’ 4—m1} << lnf ,

5 W < m? ¥
JC (E 5.9) =4('_“"5-"‘"50["‘ Tz (e X%2 )45"‘ (13)

where 'X- C’“‘u) ‘f'_?eaﬁ‘ﬁ E= .....m, . The polarization

operator F"B(E)? ‘%) (13) sat:.sf:.es the relation (the constant
160(/93'&' is omitted)

IO %, %) -- 4= . (5,5:8),
G (5,30 =firn [G.(2%:8) - r‘(fm,F]

where the Green function of the quark and antiquark in the co=

here

lour 81nglet state

g (%% E).=j(m. /2 % 5 aLuS ]_Ec-'-’-"%'ﬂ‘-lf’ _%_%g’
A? = 3M7«(’E’+%j‘ i

may be got from the non-relativistic Green function of the charge

(14)

particle in electric field (see,e.g./T/./11/) by averaging over
E,.,v with the measure (5)and the replacement of m by m/2,

3o Let us consider now the properties of the polarization

‘operators JLR(S)) (13).

Cur model i& the non-trivial theoretical-field example,
which confirms the existence of the neon-pertuvrbative operator
2
expension in the ynder-threshold domain ( g <4mé). 1r

£/a
4m-q/ > ;@ (9‘%; then the characteristic distance , on

which the quark end antiquark cen propagate, is ¢ ~(4m -?;) %
(g? ) ~% @@J ) 9’4 e 1IN thia case one can prove that the ex=-
pression (9) can be expanded into the 'series of field invariants
g; and ('QJO . Then, the integrals for the coefficient fun-
ctions converge exponentially over § and the characteristic
proper time is 5‘ ~ Fm-q {: (;L is the dimension of the
correspondlng operator). The leading, field-dependent term in

J (, =expansion (proportloml to 'g; s, 8ee (8)) coincides
with the results of Refs./3,12/, The following terms of expansion,




containing the field in the combinations g’ 2 and ‘ed - ’
.) 0 [

agree ° with the contribution of the appropriate gluon operetors
(linear combination of the operators ;01"'2 and 02"’4 in the

terms of Ref./13/) to the vector polarization operator from the
papers /13/. In Ref./13/ the contributions to the current cor-
relators with the quantum numbers : oi, 1i of the operators of
dimensions 6 and 8 were obtained using the analytical computer
calculati_’pns. |

As it follows from the analysis of eq. (9), the operator
expansion in the under-threshold domain is of the asymptotic
charatter. Therefore, the fact of the large coefficients for the
operators of dimension 8 in Ref./13/ is not so surprising.

For __q,z > m", 9" ’)4/: 9," }zthe polarization operator

3‘(':2 (9) can be represenied in the form ﬁ2=ﬁo+ﬂ4 +j§s

where 37:0 is the polarization operator without field, fftz

2
doesn't depend on q, and equals zero, if the field is zero.

Then S\Cd_ equals to: W - ,
~ 2, Mp? =S -
1 g 6 6 A
Thei vacuum expectation value of the second term in (15) is equal

to ? JC‘m. ( lF QI> . This fact may be verified directly from the
definition of the quark condensate, generated by the field:

<¢4’> oot gl?-:t'z @[F(Z:Q"S(Ziz)[r_.ﬂjr-(
~ / “(16)
- s MG Fothdti%s - L),

here S (Zt,?) 1s the quark Green fumction in the field. The
vacuum expectation value of the right-hand side of eq.(15),

*) As we were informed by A.V.Radyushkin,the preprint in Ref.

/13/ contains the misprint: in eq.(2.16) in the contribution of

the operator oi*“ the number 249 should be replaced by 294.
| 10

expressed via <£§ G?> and m(‘(p'lP) s agrees with the appropri-
; 2 — 1 /& 1>
a ; & e - ot j &
te expression in Ref./3/. If m >>g"j€ then<\‘v41> Froh C
This formula is in agreement with Ref./3/.

1t is interesting that eq.(16) give us the possibility

| olc 2\
to estimate the value of <7t'sG'> in this model,using the value
of <Q; l’o) o It follows from the definition of the invariants

| g and ,}e that g \< ge . However, there are some argu-

ments and estimates to suppose that 8 << 76 in the QCD vacuum,
Fig.1 demonstrates the dependence of < 4; 'P) on M (for the
colour group SU_(2)). Note that <¢FP>NNC in 1/Hc-e'xpansion.f

Taking, for example, the value of (@»svc (3) for light quarks,
<¢¢>S'U,:-, (3)“ 1,5 'iO'ZGeV"" s known from the current algebra,

gnd using the relation <q;¢>$U¢(l) #(2/3)-(‘;;\0)5%(3)(&1)0111;

the Monte-Carlo calculations of ¢ ’F‘PZSU (2)°0 the lattice see
c

Ref. /14/) we maeke an estimation of

é‘j@sm; (007£0.02)GeV 4:-32- (O 1+0. 03) Gev?

This estimation is based on the use of the average value of
<lft}'>$r£mm the mass interval 0.1 < MK /’:C 0.5 , where

<Q7ql>$v(@wriw sligtly (the indicated accuracy is due to
‘ s
this variation). The obtained value may be compared with(sU,(3))

<°‘,§% Gz>= 0.012 Gev* /3/ and G‘é—@’) £ 0.1 GeV? /15/.

The properties of the polarization operator JCs )

in the under-threshold domain are quite ordinary, but in the
physical domain these are very remarkable, For real q2> 4 m2
S i : R _

the imaginary part of 5{ 18 strictly equal to zero:

Im ﬁk(?’l) g;,@d)’]:m?,ﬁ:; O (17)

The absence of the cut of jZR in the complex plane
QIZ means the impossibility for quark to exist in a free
| 11




state, Non-triviality of the asymptotics of 5\[: R in the phy=-
sical domain is connected with this prop'erty of gtk » For
Q/ > m?- ‘g . , we obtaln from eq.(9) that

IC 3%, - 2% S
[ G iz ) (B e )

18 exponentially large: j'c A e ( f < ’;16 Je 1t follows

from eq.(18) the non-analytical behaviour of J‘ Lk for E',’je-.-o_

In the model under consideration the quark confinement has the
completely non-perturbative nature. Quark confinement takes
place for arbitrary small values of the invariants g and ge o
However, if 550 s then jtk acquires the cut and confi-
nement 1s absent. Therefore, for the mechanism of confinement 1.11
the field (2) the presence of the t0pologlcal charge density
fluctuations ( (@ ;é 0.) is_of the principal mportance.

One can convince oneself that, for E>0 Ga(mE )4/2

(m? «1 ﬂ-*(‘lji) has the similar behaviour as (18):

% 4% _
; o,‘g’) I €€ I Efe 93.(: (19)

&

Quark confinement for any energies is :r-eflected in an
increase of ﬂ with increasing energy,

It follows from eqs.(9) and (13) that the polarization
operator juk has no poles 4lso, & bound states are absent,

We have considered the polarization operator in the ONegw=
loop approximation only and the finite size VP have not been ta-
ken into account, In this case, the created quark and antiquark
cannot be "blanched™, ;

Due to the mentioned analﬁice.l prbperties of the polari-

zation operator (9) the usual dispersion relations is violaté_d.
12 ’

One can hopes th. . ‘s into consideration the finite gize
VF and going out of the framcwork of the one=Loop approximation
ensures the fulfilment of the dispersion relations.

"The physical reason for quark confinement in this model
1s the presence of the field (2) with infinite correlation radi-
us and inveriant g =/= O in QCD vacuum. The naive am.i.ytiéal
¢ ‘ntinuation of the coefficient functions of the operator expan-
8ic v from the under-threshold domain to the physical is not ful-
£fillc1 for any energies in this case.

The non-relativistic Green function (14) enables ome 1o
estimate the characteristic distances 1;;, . on which the quarﬂ
and antiquark can propagate. For E)O} E)R < 1 the praper 'times;
giving the leading contribution to the integral {(14) are

GZ’O méng)/é and the correspond:t.ng distance z@ i3

/Z s ; (20)

This relation has the ana.logy with the well-known fo.miLa

E(’Z’;): 'Z/Z{IZ OC/ ( (Xf/ %0.9 GeV-‘? is the llegge slope),

It is interesting to consider in our model the vacuun

expectation value of the Wilson loop

W(C) :jvi; (ff‘j) @‘P(‘ig c"& &#B“@X (21)

Averaging over field G\f‘-v with the use of (5), we obtain

&5(55'%»5(”@5’) -
WE /SU&)gm;dey( PNV e

where S 1is the plane contour C area, Another way of the

Wilson loop averaging, which is based on the use of the factori-
zation hypothesis /3/ for gluon operators, has been considerec

in Ref. /16/. In the wide class of functions 5 the asympto-

13




&

tics of expression (22) forﬁ‘»-‘:—,-—-’has the "area law" form

éﬁ'
W(C))szw Yl a (23)

where g* is the characteristic value B for the function
56, %y).

It should be emphasized that the main non-Abelian effect
in this quark confinement mechanism is the existence of the
ILorent:z-invariant gluon cendensate with the topological charge
density fluctuationls ( @0 ;4 O ) in the QCD vacuum (another
me chanisms of confinement have been discussed recently in Refs.
/17/,/18/). .

‘In conclusion we would like to thank V.N.Baier for his
interest in this work and useful discussions. We are deeply

th&nkful to V.S.Fadin for mumerous fruitful discussions.
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