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Abstract

The helicity amplitudes of the high-energy photon splitting in
the external Coulomb field are obtained exactly in the parameter
Za. The cases of screened and unscreened potentials are investi-
gated. The consideration is based on the quasiclassical approach,
valid for small angles between all photon momenta. New represen-
tation of the quasiclassical electron Green function is exploited.
General expressions obtained are analyzed in detail for the case
of large transverse momenta of both final photons compared to
the electron mass.
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1 Introduction

It is well known, that the virtual electron-positron pair creation in an exter-
nal Coulomb field gives rise to such nonlinear QED phenomena as Delbruck
scattering( coherent photon scattering [1]) and the splitting of one photon
into two. At present the process of Delbriick scattering has been studied in
detail both theoretically and experimentally (see recent review [2]). At high
photon energies w >> m (m is the electron mass, i = ¢ = 1) the scattering
amplitude has been found exactly in the parameter Za ( Z le] is the nucleus
charge, o = e?/4m = 1/137 is the fine-structure constant, € is the electron
charge). The approaches used essentially depended on the momentum trans-
fer A = |ks — k| (k1, ko being the momenta of the initial and final photons,
respectively). The main contribution to the total cross section of Delbrick
scattering comes from small momentum transfers A < w (the scattering an-
gle § ~ Ajw < 1). In this case the amplitudes have been found in (3, 4, 5]
by summing in a definite approximation the diagrams of perturbation theory
with respect to the interaction with the Coulomb field, and also in [6, 7]
within the quasiclassical approach. It turned out that at w >»> m and Za ~ 1
the exact in Za result significantly differs from that obtained in the lowest
order of the perturbation theory.

The applicability of the quasiclassical approximation is based on the fact
that, according to the uncertainty relation, the characteristic impact parame-
ter is p ~ 1/A and the corresponding angular momentumis! ~ wp ~ w/A >
1 at small scattering angles. This fact was used in Refs. [6, 7], where the
quasiclassical Green function has been derived from the integral representa-
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tion for the Green function of the Dirac equation in the Coulomb field [8]. In
Refs. [9, 10] the quasiclassical Green function of an electron for an arbitrary
decreasing spherically symmetric potential has been obtained, which allowed
one to calculate the Delbriick scattering amplitudes in a screened Coulomb
potential.

So far the process of photon splitting has not been observed, although
some events in the experiment performed at DESY [11] were erroneously
interpreted as photon splitting. As it was shown in [12] these events were
due to the electron-positron pair production accompanied by hard-photon
bremsstrahlung. Some possibilities to observe photon splitting have been
discussed in [13]. Photon splitting has been investigated theoretically in [14,
15, 16, 17, 18] in the lowest order of perturbation theory with respect to the
parameter Za. The expressions obtained in [14, 15] are rather cumbersome
and it is difficult to use them for numerical calculations. Nevertheless, some
calculations based on the results of Ref. [14, 15] have been carried out in
[17, 18]. Using the Weizsacker-Williams method providing the logarithmic
accuracy the amplitudes of the process have been derived in an essentially
simpler form in Ref. [16]. The comparison of the exact cross section [17]
with the approximate result [16] has shown that at high photon energy the
accuracy is better than 20%. The magnitude of the Coulomb corrections to
the lowest order amplitude of photon splitting has been unknown up to now.
At the present time the experiment dedicated to the observation of high-
energy photon splitting (w > m) in a strong Coulomb field is held in the
Budker Institute of Nuclear Physics (Novosibirsk). Therefore, the theoretical
investigation of the problem is of great interest.

In the present paper the high-energy photon-splitting amplitude is calcu-
lated exactly in Za for small angles f2 and f3 between the momenta k», ks
of the final photons and the momentum k; of the initial one. It is the region
of small angles that gives the main contribution to the total cross section of
the process. Besides, small angles and high energies of photons allow one to
use the quasiclassical approach developed in [6, 7, 9, 10] at the consideration
of Delbriick scattering. We consider the case of a pure Coulomb potential as
well as the influence of screening. The initial representation for the splitting
amplitude is rather cumbersome and contains a thirteen-fold integral. The
quasiclassical approach gives the transparent picture of the phenomenon and
allows one to determine the region of integration which gives the main con-
tribution to the amplitude. Without that it seems impossible to calculate
the amplitude.

Our paper is organized as follows. In Sec. 11 we perform some transfor-
mations of the exact amplitude. These transformations essentially simplify

4

further calculations. Section III contains the discussion of the process kine-
matics. In Sec. IV the small-angle approximation for the quasiclassical Green
function is derived. In Sec. V this Green function is applied to the calculation
of the photon-splitting amplitude. In Sec. VI we consider the case of large
transverse momenta of both final photons (w2 f2 > m, wsfs > m). The lim-
iting cases of small momentum transfers and Za < 1 for this amplitude are
studied in Sec. VII and Sec. VIII, respectively. In the last Section the cross
sections obtained in the Born approximation are presented and compared to
those obtained within the Weizsacker-Williams method.

2 Transformation of the amplitude

According to the Feynman rules the photon-splitting amplitude in the Furry
representation can be written as:

M =ie fd"z:Tr < z|ére ¥ 17 GeretRmGere T Gle > H{kE o kb, X o eh}).
(1)
Here ef and e} 5 are the polarization vectors of the initial and final photons,

respectively, € = e#y, = —ey, ¥* being the Dirac matrices, G = 1/('.13-— m+
i0), and P, = 0, + guo(Za/r). The matrix element of the operator G is
the Green function of the Dirac equation in the Coulomb field: G(z,z’) =<
e’ >,

It is convenient to rewrite the expression (1) in the form, containing only
the Green functions of the ’squared’ Dirac equation:

D(z,z') =< z|D|z’ >=< z|1/(P? — m® +i0)|z’ > .

For this purpose we represent the left operator G in (1) in the form
G = D(P + m) and use the commutative relation

(?+m)ee =[G 4+ ék=2ep].

One can obtain another expression by similar transformation of the right

operator G in (1). Taking a half-sum of these two expressions and using the
identity [dzTr < z|A1Az|z >= [dzTr < z|A3A;|z >, valid for arbitrary
operators A; and A,, we get;

St f d‘*.rTr{ [E eze’k2k1)T < 2| De*o (é3k3 — 2e3p) Dz > + (2)
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o Esei{ka-h}r < r'De“"“’ (é‘;j}z — 2e;p)D|z > +

-~

eseje i kaths)s « p|De~ k17 (g k) — 2e,p) D]z >| +

% l{ zle~¥:1%(—é1 k) — 2e;p)De™*?* x

(é5ky — 2e5p)De*s% (é5ks — 2e5p) D]z > +(2 & 3)] }

The formula (2) represents the amplitude as a sum of the terms containing
either two or three Green functions: M = M) 4+ M®). The amplitude in
the form of eq. (1) contains terms of different order of magnitude and a
strong compensation occurs. After taking the trace in eq. (2) the expression
obtained contains only the terms of the required order what is the advantage

of this formula.

Passing from the time-dependent Green functions to the energy-dependent
ones, taking the integral over time in eq (2) and omitting the conventional
factor 2mé(w; — wa — w3), we get for the contribution to M containing three
Green functions

M[ﬂ — %EB_/. % f dr1drgdr3 exp[i(lclr] = kzl‘g b kara)] X (3)
Tr{ [(—é1k1 — 2e1p)D(r1, 12 |e — w2)][(€3k2 — 2e5p) D(r2, r3 |€)] X
65k — 263p)Dlra,rile +wa)] | + (K 06 5, €2 6 e9).

Here p = —iV differentiates the Green function D of the ’squared’ Dirac
equation with respect to its first argument.

Below the Green function D(r;,r2|e) will be called the ’electron Green
function’ for ¢ > 0 and the ’positron Green function’ for ¢ < 0. Let the
initial photon propagates along z axis. Then according to the quasiclassical
approach developed in [6, 7, 9, 10] the main contribution to the amplitude at
high energy arises from the region of integration over the variables z; in which
z' < z for the electron Green function D(r,r'le) (¢ > 0 ) and 2’ > z for
the positron Green function (¢ < 0 ). In terms of noncovariant perturbation
theory this range of variables corresponds to the contribution of intermediate
states for which the difference between their energy E,, and the energy of the
initial state Fy = w; is small compared to Ey. Outside this region at least for
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one of the intermediate states |E,, — Ey| ~ Ep and therefore the corresponding
contribution is suppressed. Besides, there exist another restriction for the
region giving the main contribution to the amplitude. This restriction follows
from the explicit form of the quasiclassical Green function. It reads

21 < 22,23 , 21<0 , max(z,23)> 0.
All these conditions allow one to depict the main contribution to the ampli-

tude M(®) in the form of diagrams, shown in Fig. 1. The explicit form of
vertices is obvious from eq. (3). The electron Green functions are marked

k e kz

w +

_ Ks—=K
/ e = 3
K, K, ( €€, )

b

- Figure 1: Diagrams of the perturbation theory corresponding to the ampli-

tude M®), eq. (3).

with left-to-right arrows, and positron ones with right-to-left arrows. The
arrangement of the diagram vertices is space ordered. With the use of these
diagrams one can easily determine the limits of integration over the energy
and coordinates. The diagrams (a) and (b) correspond to the following pic-
ture: the photon with momentum k; produces at the point r; a pair of virtual
particles which is transformed in the point rs into a photon with momentum
k. Between these two events the electron (a) or the positron (b) emits a
photon with the momentum k3 at the point rs.

Analogously, the expression for the term M (2) containing two Green func-
tions reads



M@ = &8 f zif-r- / drydrg Tr{exp[z'(klrl — kory — kara)]ese; x  (4)
[(—é1k1 — 2e1p)D(r1, 72 |€ —w1)] D(ra, 11 |€) +
[exp[i(klrl > kgrg - 1(31'1)] E]_E; D(I‘l y T2 |E s :...12) x

[(é;i‘z - QEEP}D(I‘E,Tl |E)] - (kg £ kg , 89 & 63)] } :

The diagrams, corresponding to the representation (4), are shown in Fig. 2.

K,
3

K
&

Figure 2: Diagrams of the perturbation theory corresponding to the ampli-

tude M(? eq. (4).

3 Kinematics of the process

According to the uncertainty relation the lifetime of the virtual electron-
positron pair is 7 ~ |r3—r;| ~ wy /(m?+4A?), where A = max(|kay |, |kar|) <
wi , koy and ks, being the transverse components of the final photon mo-
menta. The characteristic transverse distance between the virtual particles
can be estimated as (m? + A?)~1/2 which is much smaller than the length of
the electron-positron loop. The characteristic impact parameter is p ~ 1/A
, where A = k; + k3 — k; is the momentum transfer. At small ky; and ks
(f2,3 < 1) we have

1
A= (sz_+k3L)2+-(

(5)

ks, ? kuz)z
1 -+ ;

W2 W3

The characteristic angular momentumis{ ~ w/A >> 1, and the quasiclassical
approximation can be applied.

Let us discuss a screened Coulomb potential. In the Thomas-Fermi model
the screening radius is r. ~ (ma)~'Z-Y3 | If R« 1/A < r. (R is the nu-
cleus radius), then the screening is inessential and the amplitude coincides
with that in the pure Coulomb field. At 1/A ~ r. the screening should
be taken into account. Obviously, the impact parameters p > r. do not
contribute to the total cross section. Due to this fact we shall concentrate
ourselves on the momentum transfer region corresponding to the impact pa-
rameter p < 1. [f ko) szg\—k kay %/ws <« r71, then it follows from (5) that
the condition p < r. holds only when |A;| = |kay + k31| > r;‘l. Thus,
the main contribution to the amplitude is given by the region of momentum
transfer A, restricted from below. In this region |A (| > |Ay|, that is
A ~ A,. It is this region of parameters which we are going to consider.
In addition, at w/(m? + A?) 3> r. the angles between k; 25 and ry 23 are
either small or close to 7 , and corresponding expansions are used in our
calculations.

According to the Furry theorem the photon-splitting amplitude is an
odd function with respect to the parameter Zo. Due to the singularity of the
Coulomb potential in the momentum space (—4nZa/A?) the region of very
small momentum transfers A < r;! is essential only in the lowest (linear in
Za) order of the perturbation theory . In this order the Weizsacker-Williams
method is applicable and the corresponding large logarithm appears in the
cross section integrated over the angles of one of the final photons [16]. In
next orders of perturbation theory with respect to the parameter Za the
integral over all momenta corresponding to the external field should be taken
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provided that their sum is equal to A. Therefore, even at A ~ rZ 1 each
momentum is not small and the screening can be neglected. In the Born
approximation the screening can be taken into account by multiplying the
amplitude by the factor [1— F(A?)], where F(A?) is the atomic electron form
factor. Thus, to find the photon-splitting amplitude in a screened Coulomb
field it is sufficient to solve the problem in the pure Coulomb field.

4 Green function

Let us pass now to the consideration of the Green function D(r,r’|¢) appear-
ing in eqs. (3) and (4). In Refs. [9, 10] the representation of this function
has been found in the quasiclassical approximation for an arbitrary decreas-
ing spherically symmetric potential. For the case of the Coulomb field, at
small angle 6 between vectors r and —r’ we obtain from eq. (14) of [9]:

jeiK(r+r’) (a,n+n

7(&1 [Jﬂ(ff?)-l-iZu = I)Jl(m)] x (6)

D(r,x’|e) = Ankrr!

,F(r-i-r’)' 42 rv! fiie
N T E ’

where a = 4%y , k2 =¢?>—m? ,A=¢/k ,n=r/r and n’ =r'/r". Taking
into account the relations

1 . e 14
/dﬂ.}u(w)g(ﬂ) = 2—?rqu exp(iq 8) g(¢°) ng{Iﬁ) 7 Jo(10),

where g(I?) is an arbitrary function and q is a two-dimensional vector, one
can rewrite eq. (6) in the form

8m2krr!

iZa)
Qi (r+7) . w1 [ 4r2ry
exp[z P +iq(8+6") pon

L iK(r4r’)
D(r,r’|e) = L——qu [1+Za{—;~?-] X (7)

Here 8 = v, /r , 8’ = v',,/r'. Expression (7) contains only elementary func-
tions and the angles @ and 8’ appear only in the factor exp[iq (6 + 8)].
Therefore, the representation (7) for the Green function is very convenient
for calculations. At small angle between vectors r and r’, for the case of pure
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Coulomb field, we get from eq. (15) of [9]:

D(r,l"|£) &

eiRIP-T'| 0\ iZarsign(r-r')
(%) . (8)

“4xr—r'| \#

One can see that in this case the Green function differs from that of free
Dirac equation only by the phase factor. It is easy to check that after the
substitution of the expressions (7) and (8) for the Green functions to the
splitting amplitudes (3) and (4) all phase factors of the form r*/Z® cancel.
Note that one can replace & by || —m?/(2|¢|) in eqs. (7) and (8). Moreover,
one should take the relativistic correction m?/(2|¢|) into account only in the
factor exp[is(r + r')].

5 Calculation of the amplitudes M® and M®

Consider now the diagrams, containing three Green function (See Fig. 1).
Obviously, the contribution of diagram (b) can' be obtained from the con-
tribution of diagram (a) by replacing Za — —Za and changing the overall
sign. It provides the fulfillment of the Furry theorem: the sum of two con-
tributions (a) and (b) in Fig. 1 is odd function of Za. Therefore, this sum
is equal to the odd in Za part of diagram (a) multiplied by two. Then, at
the calculation of diagram (a) the region of integration over z3 is divided into
two: zz > 0 (photon with the momentum kj is ahead) and zg < 0 (photon
is behind). In the first region the angles between vectors ry , r3 and —ry
are small. In the second region the angles between ry, r3 and —r; are small.

Denote the contribution of the first region to the diagram (a) as M 1{3} and the
contribution of the second region as Méa}. Introduce vectors fz = kay fws
and f3 = k3J_/uJ3 {Ifglgl <4 1), as well as 9,‘ = I‘,‘lfl",' = N (1=1,2,3)
Taking into account the smallness of the angles we have dr; = r?dr;d; .
It is convenient to perform further calculations in terms of the helicity am-
plitudes My, a,xs (K1,k2,ks). It is sufficient to calculate three of them, for
instance, M, __(k1,ka,ks) , My44(ki, ko, ks) and Moy (ki,k2,ks) . The
others can be obtained by substitutions. Note that within the accuracy of our
calculations there is no need to take into account the corrections to the trans-

verse part of the polarization vectors ez 3. Due to the relation ek = 0 the

~ z—component of the polarization vectors can be expressed via the transverse

one as (e 3); = —ez3f2 3. So, for a given helicity one can put the transverse
part of the final photon polarization vector to be equal to the polarization
vector of the photon with the same helicity propagating along 2 axis. Further
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the polarization vector e; corresponding to the positive helicity is denoted
as e. Then the negative helicity polarization vector e_ is equal to e*. Note

that to obtain M4, _ in our approach it is necessary to calculate both Miﬂ,,

and Mfﬂ + since the arrangement of the vertices on the diagrams is space
ordered.

Let us substitute the expressions (7) and (8) to (3) and make the obvious
expansion at small angles, taking into account terms, quadratic in f; and 8;.
Introduce notations K9 = ws — £ , k3 = w3 + € and pass to the variables

_ W _ w2 _ ws
Qs —* KaQy, Q3 —* Kaqg, Ri= Fape Ry = 7 e Rj gy
Simple integration over 8; leads to
i W oo oo L IR
MO = - f dfdﬂ/dﬁf 2 X
. 3211"3&?1L|.J2w;3 s ! : R]_R
0 0 0 0

[ [ dazdas (j—j) e, (9)

where L = Rowsks/waks, and

1 Zaaqg 2 L Lg era{lz)
=~ — é1k 1- 1
x 4TI{ (1+ qug ) (Rlﬂlq €1 1) ( o q% X ( U)

g ¢
[ (E(e;, Q-+ ERafzg) — E;kg) x

2 T 42 - _ %
(E{EE; Q + eRaf23) — 83.&3) - }—;-ezea] } .

oo [(L, 1) Q , ERoRsfly (52, r3a5,8)
RV Ry /2 2R W
(wakz Ry — wak3Ra) At |
wiR (Qfﬁﬂ) ) (R1 - R) i

R=R;-Rs, faa=f-f3, Q=qy+q3, A =wss+wsfs.

It is convenient to transform the function T in eq. (10) to the form which
does not contain the parameter Za. To this purpose we use the identities

237 o 4 il
9 { 92 1.0 (g
La . il - ‘3
g5 \ g3 2 dq5 \ g3

12

HZ . BT
793 (fr_z) % ﬁii(@,)
g3 \ g3 2 0q3 \ g3 ’

and integrate by parts over q, and qz in (9). After that some terms in the
function T are independent of the variable R; and others contain it in the
form of factors 1/R;, 1/R]. Taking the trace and integrating by parts over
R, the terms with the factor 1/R?, we obtain for different polarizations:

Ty = 1(eQ)(eQ;) (eQs): (1)
Tors = -5 (— + —2) (0Q)(e"Qy)(e* Qs) -
1 (¢ 2a30,- Zata,) +
Hf: ; (e, Q, + Q) + "f;l (e*, Q- i—:qa) :
Trv- = (24 2) (€QeQ)(es) +
— Q)+ Q))(eQ) - % (ﬁ% - mz) (eQ,) +
o (222 2) (0Q) + 272 e, Qa + Q).

where Q, = Q + eRaf23 and Q3 = Q + eRaf23. The function T _; can be
obtained from T ;. by the substitution ws > w3 , K2 ¢ K3 , Q, +> Q3 and
Ertisk,

In the same way for the contribution Mf] we obtain:

W 00 00 L,

S d
Méal - : ]Eﬂzﬂg dE/def ng ﬁ x
rRs

T 3211'3:.&1:..:2;;.?3
0 0 0

0
N
f f da, das (g—z) 2T, (12)

where L; = Rjwaka/wie ,r = R; + R3 ,
(5 — 1 + 1 QE b ”%RlRﬂ.fg e (HE{IE _5‘13=ﬁ) +
r Re) 2 2r Wo
13




(w3m2R1 " EW1R3) ‘r'l'l-2
e (Qfa} - 5 (Ra+r)|, (13)
and the function T for different polarizations reads
~ 8
Ty-- = — - (eQ)(P1)(ePs); oul 1o g

- 4
Trs- = g (2 + ) (" QeP1)(ePs) +

w2 ( Wipap | Wpap ) _
531‘3 (E, s P3P1 + P P1P3)
i

2 |
—= (e, P + P3) - b (‘E, il B ?Pa) ;
2

KaET Kar K

- 4 K K i z
L =g (x_; + ‘i) (e’Q)(e"Py)(ePs) +

2
wiws [ P3 9 -
(r_i‘ —m (E-' Pl) -
2&&11’#2
53251"2

— (P31 + P3){(e’
EH3T2R2( 1+ P3)(e’Q) + KoET

4i (w;w; P 2) (c*Q) -

rR, K2E

(E*: Pl + Pﬂ) 1

where P; = Q + k3 Hif3 and P3 = Q — x3R3f3. One can get the function
Ty_4+ from Ty by the substitution wq ¢ —wa , K3 4+ —¢ , P; > P3 and
e &> e*. Note that the integrand in egs. (12) and (14) for helicity amplitudes

Mf) can be obtained from the integrand in egs. (9) , (11) for M 1{3) by means
of substitutions

gz3—*—qz3 , W Hw2 , wWag—=*-ws , Kz&£ ,
Rie<+ Ry , Ra—>—Rs |, foz & —1f3 | fz-—}—fg. (15)

so, that .
Upaib dg s T Tl r gy

Tips 2> Tos(ere’), Typ o Tips(eoe’).

As to the amplitude M (2];, after the integration over the angles 8;, we get:

Mf_}_ =0 Mf.L = (e* ,Mj2 + My3) , (16)
Mfi_ - (e, Mis + Mga) P Mf_).;. = (E_g M_L'.EI e ;- Mza) 3
14

where

ied dRy [dR, Ka — K3 2
M23='—16ﬂ_3 /d&-‘f R% R% R1+( ) Ra (17)
—hts 1]
%Z o 2
92 4k o EYQ
.[./ 492 495Q (%) Exp{![(Rt 1 Rz) 7 ¥

WowzkaK3 .2 {-“2":12 — K3qs, ﬁ) m?
—nif o o [y - — R 3
ZLJ% i Wi - (Rl o 2)

g o0

iﬂa dR1 deg Kg—E&E A
Mis & 1673 fdsf R% R% LR2+ ( Wa ) R
0

0 0

2Z o . ek 1 2
[faminsa ()" eni|(:+ ) 7 -

2

WIW3EK2 g, (K2qy —€q3, A) m
T © f2R; = 3 (Rl+R2)]}:

and the vector M2 can be obtained from M3 by the substitutions wy ¢ w3
and f3 © f3. As we shall see, many terms cancel out in the sum M2+ M3,

In general case further transformations of the formulae obtained leads
to four-fold integral with the integrand containing the elementary functions
and this problem will be considered in detail elsewhere. In what follows we
restrict ourselves to the case |kai| = |waf2| > m, |kayi| = |wafs| > m when
the amplitudes can be essentially simplified. This range of the parameters
corresponds to large virtuality of the electron-positron pair compared to the
electron mass, which in this case can be neglected. Note that the ratio
between the momentum transfer A = |A| and the electron mass m can be
arbitrary, since A determines a typical impact parameter p ~ 1/A rather
than pair virtuality.

6 Zero mass limit

It is easy to see that putting m = 0 in the expressions obtained leads to the
logarithmic divergences in some terms (in other words, these terms contain
logm at finite mass). For instance, one obtains such logarithm in the am-

plitude M1[3) integrating over R; the terms in T which do not contain the
factor 1/R; (see (11)). The final result, as it should be, does not contain
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the logarithms of mass. But the cancellation of these logarithms between
different terms is rather tricky.
Taking the integral over Ry in (9) for T' = T4 __ we do not obtain any

logarithm in M{ )_while M?_ = 0. Eq. (11) for T4 44 and T4 4_ contains

the terms proportmnal to Q3. It is convenient to pass in these terms from the
variables R, and R3 to Ry and y = R3/R, and then integrate by parts over

y. In the terms containing Q3 we pass to the variables R3 and y = R3/R and
also integrate by parts over y. As a result, in the two-fold integral over R,
and Rj all logarithms cancel out and one can put m = 0. After that Ty ++
and Ty 4_ are transformed to

K2

Ty =— R:IRE (— ) (eQ)(e'Q,)(e*Qs) ; (18)

K2

Tys- == (24 L) QIR Q) - iR]

In addition, there are integrated terms at y = waky/wye ( upper limit) and
y = 0 (lower limit ). Makmg the similar transformations for the amplitude

M( ) we obtain that T+++ and Ty, _ turn to

Ty = r:Rz (? " ﬁ%) (e*Q)(eP1)(eP3) ; (19)

(T ,.:R? (E 22) (e'Q)[(e’Py)(eP3) —iR]
The integrated terms corresponding to the lower limit cancel out in the sum
of M, ®) and M, (3). Remind that to calculate the amplitude M) we have
to find the sum M( )+ (k2 ¢ ka, e2 & e3) , extract the odd in Za part
and multiply the result by two. After that the contribution of the upper-
limit integrated terms of M, () vanishes in the case M4 44, and in the case
Myy_ and My_, gives the finite result after the summation with (eMa3).
To cancel the logarithmic terms we exploited the antisymmetry of some in-
tegrands with respect to the substitution ¢ + wy —w3 — ¢, q, & —q4. The
contribution of the upper-limit integrated terms in M}a} vanishes in the case
of My,_, and for My, and M,_, gives the finite result at m = 0 after
the summation with (e*Mjs) and (eM;3), respectively. Analogously, the
amplitudes (e*M;3) and (eM;;) cancel singular terms of M (k + ka)
for the amplitudes M, a.nd My _. For the amplitude M, _, the upper-

limit integrated terms of M{>(k, ¢ k3) cancel out. As a result, the sum
16

of integrated terms and M(?) gives the additional contributions to helicity
amplltudes We represent them in the form:

'EE dR d(h dq3 qz)l‘iza (qS)EfZa
= —— | — — |l = - | = =
o 473 f R _/ Q? (fm g2 (20)
0
For different polarizations the function F reads
Wy o Wy 2
: 2 K2R3 iy R2E aival .
R | PRI de ——=e'¥1 — [ d 3
F.|. 0 4 = (EQ} f € Wi?Ee f EWEEE,
—ig
F_|._++— e Q}fd&' 1¢:+(W2 HWa,fﬂHf;;) -
wiks
Foy =Fi j(wa e ws, fref;) ; (21)

_ Q®  wowskakz (k2q, — K3q3, A)
i1=3rt 2t fas Rt Wi

The phase 9, can be obtained from ¢, by substitution (15). To obtain eq.
(20) we have integrated over one of the radii. Note that the singularity of the
integrand in (21) at ¢ = 0 disappears in the total expression for the amplitude
of the process so that no regularization is required. .

Putting m = 0 in phases ® and ®, we take elementary integrals over R,
in (9) and over R; in (12). After passing from the variables ¢, and g5 to
Q = q; + q3 and q = q, — q3, the integral with respect to q reads:

PR R T 0y
1= @ (R5q))  eog00) S

Let us change the variable q — |Q|q and represent Q and A as Q = |Q|A;
and A = [A|Ag, respectively. After that it is easy to see that J depends
on S = (A1A2) and |Q|JA|. Note that in two-dimensional case the form
P = €;;A\{ )} is also invariant with respect to rotations. However, the even
powers of P can be expressed via S (P? = 1 — §?), and the odd powers of
P change their sign after reflection. On the other hand, J is invariant under
reflection. It becomes obvious if the reflection of q is made along with the
reflection of A; and A;. Therefore, J is invariant with respect to the change

17




of variables Q & A. Therefore, we can represent J as

[ ) o

This form is very convenient for further calculations. Now one can easily take
the integrals over Q and all radii. Summing all contributions we finally get:

8-&3 (|q+ﬁl)2iz~a
M dq(TV)1 : 24
2wiwowz A’ f TLEVY) i lq — A @)

" [(Eb)ﬂ:a ” (ec)s] n (wg e wa) ;

Wy
T+__ 15 W3Efd£ (e'a} :...:1111 WED;; fg — f3

o

T+++ = w3 /dE K2
0

El

£ K3 — K3 (E'fg} 2 2
(252 + Bl

. (e*b)(x3 + k3) » w2 w3l
Q(Eﬂ.){ﬂlpl fo o f; ;

W

T++_ = W'z fdvf Ko
0

- ()43 +sz)] P f”dg Ha[na(ma‘ +) ((e*fza) G

2(e*a)wy D3 (e*b) w1 Dy w3zDs

(252 s )

g3 + k3 €% — KoKy
2w{ﬂ1 2{1.-’31)2

Obviously, T4 -4+ can be obtained from T44 - by the substitutions wy < w3,
fa & fa. In eq. (24) the following notation is introduced:

D, = wgh‘.gaz - w;;ﬁ'.gbg i i WQH3E‘.2 - f.d]EbE
1 i B y &2 Waks 3
% 2 e
Wiea“ 4+ wakacC
Ty =
3 Waksy
a=q—A+2kM2 , b=q+ A —2&3f; , (25)

c=q+A—2fy3 , T=q=A+2fq3
18

At the derivation of (24) we used the identity

Q exp(-*%qQ) = 2iVqexp(- -;-qQ)

&

and integrated by parts over q. Note that vectors e and e* appeared in
denominators in (24) owing to the application of the relation 2(ea)(e*a) = aZ.

7 Asymptotics at small A

In the small-angle approximation (|f3], |f3] < 1) the cross section of the
process reads:

_ wi

~ 28xS
where z = wy /w1, so that ws = w;(1 —z). Let us define p = (w.f; —waf3)/2.
In terms of the variables p and A the cross section has the form

dAdpdzx
Bx%uwiz(l—2z) ’

de IM|? z(1 — z)dz df,df3 (26)

do = |M|? (27)

Consider the asymtotics of the amplitudes at |A| < |p|. To this purpose
multiply T in (24) by '

1=9gg —a*)+9(a*—q) ,

where |A| < go < |p|. Then, for the term in (24) proportional to ¥(g2 — q2)
one can put q = 0 and A = 0 in T and integrate by parts over q. After
that, using the relation Vq9(¢3 — q%) = —2qd(¢ — q?) one can easily take
the integral over q since at |q| = ¢go >> |A| one has

Iq+A| HZo QA
m (Ta) 4zl

As a result, in the region |q| < ¢o the term proportional to Za is independent
of go and the terms of next orders in Za are small in the parameter |A|/qo.
For the term proportional to #(q? — g3} we get




We put A = 0 in T and perform the integration first over the angles of q
and then over its modulus. As a result, the main in go/|p| contribution is
independent of ¢o and proportional to Za. Taking the sum of the contribu-
tions from these two regions and performing the integration overthe energy

£, we get

4iN (ep)? 4Z ovedwows
My . =—— (A x N= ; 28
e P ( P): rwlﬁzpz ) ( )
Mypy = N|e*A +2(eA) Gy R ol S T
+++ < &= o

2 2
WZ+W3 2“3 2
l 5
%7 (In u2+ﬁ')

2
Myy =N [ea +2(e*A) (Epz) (1 B Tl ¢ ML RNy
P Wz Wi

R

o +2w3 (In? ¥3 4 9ixln L‘J—:"') ;
2w; Wy Wi

where A, is the projection of the vector A on the direction of k;. Substituting

(28) into (27) and performing the elementary integration over the angles of

vectors A and p, we come to the expression

4220 dp? dA% dz
do = = AT glz) |, (29)
where the function g(z) for different polarizations has the form
gs——(z) =2(1-2) , (30)

g+++(2) = ;}fﬂ(l—r] [1+ (1+ (22 —1)In (1;:) +

= (0 (152) ) ]

14 (2/z = 1)(In(1 — 2) + i7) +

-

9++-(2) = %1‘( 1-7z) [1 .

1+ (1

= z)3
553 (In*(1 - z) + 2irIn(1 — z))
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9+-+(2) = g944-(1—2)

Formulae (29) and (30) are in agreement with the corresponding results of
[16], obtained in the Weizsacker-Williams approximation. However, this ap-
proach does not allow to obtain the amplitudes (28) themselves. The large
logarithm appears after the integration of (29) over A? from A2, up to p?
where Apin ~ ro! for the screened Coulomb potential and Amin ~ pfun
for the pure Coulomb case. It is interesting to compare the contributions of
different helicity amplitudes to the cross section at A — 0. In Fig. 3 the
function g(z) is shown for different helicities as well as the quantity

3(x) = g4——(2) + 9444 (2) + 944-(2) + 94-4(2) , (31)

which corresponds to the summation over the final photon polarizations. It

is seen that §(z) has a wide plateau.
The Coulomb corrections to the photon-splitting amplitude at A — 0

Figure 3: Function g(z) from eq. (30) for different polarizations: g4__(z)
(curve 1), g44—(2) (curve 2), g444(2) (curve 3), and g(z) (curve 4), eq.
(31). :
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are small compared to the Born term (28). One-can show that in this case
the Coulomb corrections are proportional to (Za)3AIn*(A/p). Thus, they
become essential at A ~ p. We shall present the detailed investigation of the
Coulomb corrections elsewhere.

8 Born approximation

As it was mentioned above, the photon-splitting amplitude obtained in the
lowest Born approximation [14, 15] at arbitrary energies and momentum
transfers is cumbersome and rather difficult to use. Therefore, it is interesting
to consider the first term of Za expansion of (24). To obtain this asymptotics
we perform the substitution

(‘*V“)‘“‘(Efi:)m_’ i [(e,qm) ey

in (24) and write the quantities D;_3 in (25) as

2
K2 — K 4w
D; = (q+ "'w . a.) = “‘:3'“"‘”31‘ TR 2 (32)
1 1
2
- 4
pom (ae 25t ) g
2
75, (q— t:,::f A) o 4w1:§maff§
3

After that we shift the variable of integration q in each term so that the quan-
tities D;_3 become independent of the angle ¢ of the vector q. For instance,
in the terms containing D; we make a substitution q + q — ®2=f2 A, Asa
result, one can pass to the variable z = exp(i¢) and take easﬂy the contour
mtegral Taking the integrals with respect to |q| and ¢, we get for the Born
amplitudes

2£Zae3(f2 x fg);
’I-"I'aﬁ.2 (E'fg) (e*fg){e'fgg) ;

M+__ =

RIRE 2(Za)e’w, {(e&) [1+ (ef2) + (Efa} ( 2) 4

Fﬁz(Efga)EWQua (Efza) as
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(33)

2 ef)? [ n? a : .

6
(1+ i In(a;;})] , 2efz)(efs) [ azln(as) a3 In(as) ]}

1—(13 (efgg) B 1—1‘]2 . 1—(13

__ 2(Ze)e’wy o _(e*f3) + (e*f3s), —a1, -
M++— i 'ﬁ‘ﬁ.z(ﬂ*fa)zu1w;:,{( ﬁ) [1 (E'fﬂ) 111( as )+

(e*f2)? + (e*f23)?
(e*f3)?

1 2(.% 2 G2 az ln(aﬂ)) e y2 @1
m[‘“s(e b e (” R P i T

a; In(—ay) 2(e*f3)(e*f23) a; In(—ay) az In{asz)
(1 1 + ay )] * (E‘fa) o 1 -+ a1 "3 1- as .

( 62 21 2(—) +L12(1—ﬂg) +L12(1+01})

where

A? A’ A’

) SPASUEL  { 3o~ O SN iy ST Sy L
wowsfog wiwafy wywsfs

Lia(z) 5.0 /ﬁln(l — t)

It follows from (25) that In(—a;) should be interpreted as In(—a; +1i0) =
In(a;) + im. Besides,

2

Lis(1 + a1) = Liz(1 + a; — i0) = % — In(1 + a;)[In(ay) + i7] — Liz(—ay)

The result (33) is obtained for [A | > [A)|. One can show that it remains
valid in the case |A 1| ~ |Ay| if the expression (5) for A? is used in (33).
Actually, in eq. (33) the difference between A? and A? 1 is essential only in
the overall factor 1 fﬁz For a screened Coulomb potential the amplitudes

23




(33) should be multiplied by the atomic form factor (1 — F(A2)). For the
case of Moliére potential [19] it reads

; 3
~ F(A?) = A2 o
el e vy (34)
where
;= 0.1 y kg = 0.55 y 3 = 0.35 3 ,3.' = ﬁub,’ y (35)

=6, bp=12 , b3=03 , fFo=m2ZY3/121

Remind that the representation (33) is valid when |ks, |, |kay| > m.

9 Cross section

As it was suggested in [13], to overcome the problems of background in the
measurement of photon splitting one has to register the events with |f3 3] > fo
where fo < 1 is the angle determined by the experimental conditions. Let
us consider the cross section integrated over f3 for |f3| > fp. It is interesting
to compare the exact result for this cross section (do/dz df; ) following from
(33) and (26) with that obtained in the Weizsicker-Williams approximation
(doapproz/dx dfs ). The large logarithm corresponds to the contribution of
the region A < p = |wafy — w3f3)/2| where f3 ~ zfo/(1 - z). Taking the
integral over A” in eq. (29) from A2, up to A2, where (see [16])

‘ﬁfm’n s ‘ﬁﬁ - {wlfzga:;’Q(l = m))? 1 &gff -~ aoz s (wlmfﬂ)z ]

and summing over the final photon polarizations we get for a pure Coulomb
potential

dﬂ'.;;ppraa': 12 SZECI.’E ﬁ(;\_‘:) 2(1 _..3) T
drdl; = el 28\ 5 H( R L)

For the case of a screened Coulomb potential the approximate cross section
is

dﬂ'appra:: a2 422&'5 5-?(1.‘) ulmfz T
dedfs ~— miw? széz 2In Bo g I5’(1_mf'z--.l"n:}) 2 8T
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The function 7 in eq. (37) is

3 ;
;Ina; — a;Ina;
v = I—E a?(lnu;+1)—2z a;a; - I_J | a;=bl4A%, /B2
i=1 ]

: a; — a;
1>7
(38)
25 VTR i
do |
F
.\ Gydx dt, ;
3
3 4 5

f!/ fﬂ

Figure 4: oy Ydo /dzdf, versus f2/ fo for the case of a pure Coulomb potential,
fo=10"3% z = 0.7 (1), z = 0.3 (2), oo is given in the text. Curve 3
corresponds to the Weizsacker-Williams approximation for z = 0.3.

and the coefficients a4, b; and f are defined in (35). If A2, /B2 > 1 then
v = —In(AZ2,;,/B83) and eq. (37) turns to eq. (36). If A%, /B2 <« 1 then
v = —0.158. For the case of a pure Coulomb potential the dependence of
ngda/dz:dfg on f2/fo is shown in Fig. 4 at fo = 1073 and = = 0.7 (curve
1), £ = 0.3 (curve 2), where

_4Z%°§(2)
L R ﬂBW%fg y
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and g(z) is defined in (31). For z = 0.7 the cross section given by (36)
practically coincides with the curve 1. For z = 0.3 it is not the case (the curve
3 corresponds to the cross section in the Weizsicker-Williams approximation
at ¢ = 0.3). However, within a good accuracy the cross section do/dz at
z = 0.3 agrees with that obtained from eq. (36). It should be so, since
do/dz is invariant with respect to the substitution £ —+ 1—z and at z = 0.7,
as we pointed out above, the approximate result (36) is in accordance with
the exact one. At z = 0.5 the difference between the exact result and the
approximate one is rather essential (see Fig. 5). It can be explained as
follows. The large logarithm appears as a result of integration with respect
to f3 over the range |(1 — z)f3 + zfs| < zf,. After the integration over the
azimuth angle ¢ between vectors f3 and —f3 we should integrate over f3 from
foup to zf3/(1—z) and from z f,/(1—z) to infinity. If zfo/(1—z) ~ fo then
the contribution of the first region vanishes and the cross section becomes
approximately two times smaller (in accordance with Fig. 5).

11 v - -
do
2
&0 Gﬂdx df:
40 2
20:' 1 4
10&
ﬂ [ & " . 5 - A "
L 2 Bl s 1.4 L.6 1.8 2 2.2 2.4
f./%,

Figure 5: Same as Fig. 4 but for z = 0.5 (1). Curve 2 corresponds to the
Weizsacker-Williams approximation.
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Since the amplitudes (33) are obtained in zero-mass limit, it is interesting
to estimate the accuracy of this approximation. Numerical calculations of the
Born cross section do/dz df; with the electron mass taken into account were
performed in [17] (see Table V of that paper) for Z =79, z = 0.87, w; = 1.7
GeV, 3.4 GeV, 6.1 GeV and for five values of the angle f; in the interval
(1.2 — 2.8) mrad. These results are compared with ours in Table. One can
see a good agreement everywhere. Onmly in one point corresponding to the
smallest value of the transverse momentum kz ; = 1.77 MeV the accuracy is

7%.

Table. The photon-splitting cross section
do/widz dfs in b/GeV sr for 2 =79, z = 0.87

fa wi = 1.7 GeV w1 = 3.4 GeV wi = 6.1 GeV
(mrad) | Present Paper [17] | Present Paper [17] | Present Paper [17]
result result result
1.2 22.72 21.1 3.11 3.25 0.565 0.56
1.6 7.47 7.4 0.994 1.03 0.177 0.18
2.0 3.09 3.12 0.404 0.41 0.0712  0.072
2.4 1.48 1.51 0.191 0.19 0.0335 0.034
2.8 0.793 0.80 0.101 0.10 0.0177 0.018

For the case of a pure Coulomb potential the cross section do/dz can be
approximated with a good accuracy by the following formula

da:w; L [!9(:: ;21/2) (2 & E{..l.}:jf_) = F(:)) +(zeor1- m)lgg),

F(m)=§+1_x+{l_m)21n(2-;) ; (40)

If w?f5 /B3 < 1 then the corresponding expression for the cross section in a
screened Coulomb potential reads

where

d:': = rf2 00 [‘9(” ;2”2) (21 “"E’Df“ +0.842~ F(z )) (z & 1-':)] ,
(41)
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Figure 6: Function F(z), eq. (40).

with F(z) defined in (40). The function F(z) characterizes the difference
between the exact cross section and that obtained in the Weizsicker-Williams
approximation. It is seen from Fig. 6 that this difference can be significant
only at z being close to 0.5 . As for the total cross section, the difference
between the exact result and the approximate one is about a few per cent.
The inequality A < p which provides the applicability of the Weizsicker-
Williams approximation corresponds to a small angle ¢ between the vectors
f; and —f3 (when the vectors f5 and f3 have almost opposite directions).
So, it is interesting to consider the quantity do(¢mqez)/dz which is the cross
section integrated over the angle ¢ from —maz t0 Ymar. In the case of a
pure Coulomb potential the dependence of (7 fZ 04) ~1do(Pmaz)/dZ N Cmaz
1s shown in Fig. 7 for different z and f5 = 10~3. One can see that the cross
section becomes close to its total value at relatively large @maz. The same

conclusion is also valid for the case of a screened Coulomb potential.
L}
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j 4 do
(ME50,) =2 (Pruas
( 004) A Efg__) 1
a0} -
30}
"
20
. 3
10 ://,
- |
n r " . M " L i i i A P i
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P
Figure 7: The dependence of (7 f§ 00)"1do(maz)/dz on @pma, for a pure
Coulomb case at different z: = = 0.5 (1), z = 0.7 (2), and z = 0.9 (3);
f{] = 1[}“3;
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